We construct a metric space whose transfinite asymptotic dimension and complementary-finite asymptotic dimension are both ω +1, where ω is the smallest infinite ordinal number. Therefore, we prove that the omega conjecture is not true.
In this case, U is said to be uniformly bounded. Let r > 0, a family U is said to be r-disjoint if d(U, V ) ≥ r for every U, V ∈ U with U = V.
In this paper, we denote {U | U ∈ U} by U and denote {U | U ∈ U 1 or U ∈ U 2 } by U 1 ∪ U 2 .
Definition 2.1. A metric space X is said to have finite asymptotic dimension if there is an n ∈ N, such that for every r > 0, there exists a sequence of uniformly bounded families {U i } n i=0 of subsets of X such that the family n i=0 U i covers X and each U i is r-disjoint for i = 0, 1, · · · , n. In this case, we say that the asymptotic dimension of X less than or equal to n, which is denoted by asdimX ≤ n. We say that asdimX = n if asdimX ≤ n and asdimX ≤ n − 1 is not true. Definition 2.2. Let ǫ > 0 and Y be a metric space.
• A subset A ⊆ Y is called ǫ-path connected if for every x, y ∈ A, there are a 1 , a 2 , ..., a n ∈ A for some n ∈ N such that a 1 = x, a n = y and d(a i , a i+1 ) < ǫ for i = 1, 2, · · · , n − 1.
• A subset B ⊆ Y is called an ǫ-path connected component if B ⊆ C and C is ǫ-path connected implies B = C.
Definition 2.3. Let X be a topological space and A, B be a pair of disjoint subsets of X. We say that a set L ⊆ X is a partition between A and B if there exist open sets U, W ⊆ X satisfying the conditions
T. Radul generalized asymptotic dimension of a metric space X to transfinite asymptotic dimension which is denoted by trasdim(X) (see [2] ). Let F inN denote the collection of all finite, nonempty subsets of
Let M a abbreviate M {a} for a ∈ N. Define the ordinal number OrdM inductively as follows: [6] , Lemma D) Let M ⊆ F inN and n ∈ N. Then OrdM ≤ n if and only if for each σ ∈ M , |σ| ≤ n.
Given a metric space (X, d), define the following collection:
The transfinite asymptotic dimension of X is defined as trasdimX=OrdA(X, d).
Main result
Lemma 3.1. (see [7] , Theorem 1.8.1 ) Let n ∈ N, n > 1 and let I n be the n-dimensional cube. Let A i , B i , where i = 1, 2, · · · , n, be the pair of two opposite faces of I n . If L i is a partition between A i and B i for i = 1, 2, · · · , n, then
Let A be a subset of a metric space X and ǫ > 0, we denote {x ∈ X|d(x, A) < ǫ} by N ǫ (A). Proposition 3.1. Let n ∈ N, n > 1 and let I n be the n-dimensional cube. Let A i , B i , where i = 1, 2, · · · , n, be the pair of two opposite faces of I n . If L i is a partition between A i and B i for i = 1, 2, · · · , n, then for every ǫ > 0, there exists a subset {a 1 , a 2 , ..., a k } of
Proof. Assume that 0 < ǫ < 1. By the Lemma 3.1,
), then L n is a partition between A n and B n . It follows that
which is a contradiction with Lemma 3.1. Therefore, there exists
which is a contradiction with Lemma 3.1. [4] , Proposition 2.1) Given a metric space X, let l ∈ N ∪ {0}, then the following conditions are equivalent:
• (1) trasdim(X) ≤ ω + l;
• (2) For every k ∈ N, there exists m = m(k) ∈ N such that for every n ∈ N, there are uniformly bounded families U −l , U −l+1 , · · · , U m satisfying U i is k-disjoint for i = −l, · · · , 0, U j is n-disjoint for j = 1, 2, · · · , m and m i=−l U i covers X.
.. For a = (a 1 , a 2 , ..., a l ) ∈ X l and b = (b 1 , b 2 , ..., b k ) ∈ X k with l ≤ k, let a ′ = (a 1 , ..., a l , 0, ..., 0),b ′ = (b 1 , ..., b k , 0, ..., 0) ∈ R and put c = 0 if l = k and c = l + (l + 1) + ...
where d max is the maximum metric in R. Let X ω+1 = ( X n , d).
Proof. Suppose that trasdim(X ω+1 ) ≤ ω. Then by Lemma 3.2, for every k ∈ N, there exists m = m(k) ∈ N such that for every n ∈ N, there exist B = B(k, n) > 0 and B-bounded
2B +n] m+1 |V ∈ V i } for i = 0, 1, 2, · · · , m. Choose n ∈ N and n > 2(4m + 6).
Without loss of generality, we assume that 2B+n m+1 = p ∈ N.
, whose edges are contained in X m+1 for i = 1, 2, · · · , p m+1 . Let V = {V j } 1≤j≤p m+1 and A i , B i be the pair of two opposite faces of [0, 2B + n] m+1 for i = 1, 2, · · · , m + 1. For 1 ≤ i ≤ m, A i ∪ B i ∪ ( U i ) can be written as the union of (4m + 6)-path connected components, i.e.
). By Proposition 3.1, let ǫ = m+ 1, there exists a subset {a 1 , a 2 , ..., a l } of m i=1 L i such that d(a 1 , A m+1 ) < m + 1, d(a l , B m+1 ) < m + 1 and d(a i , a i+1 ) < m + 1 for 1 ≤ i ≤ l − 1. For 1 ≤ j ≤ l, there exists V nj ∈ V such that a j ∈ V nj . Since d(a j , a j+1 ) < m + 1, then V nj V nj+1 = ∅ for j = 1, 2, . . . , l − 1.
Since
. Then a j∈ α∈Ai N m+2 (D (i) α ) for j = 1, 2, · · · , l. It follows that d(a j , D
Note that l j=1 V nj is connected and ( l j=1 V nj ) ( m i=1 U i ) = ∅. So there exists a path α consisting of some edges of
α is covered by the B-bounded family U 0 . But the length of α ≥ 2B + n − 2(m + 1) > 2B, which is a contradiction.
Definition 3.4. Every ordinal number γ can be represented as γ = λ(γ) + n(γ), where λ(γ) is the limit ordinal or 0 and n(γ) ∈ N ∪ {0}. Let X be a metric space, we define complementary-finite asymptotic dimension coasdim(X) inductively as follows:
• coasdim(X) = −1 iff X = ∅,
• coasdim(X) ≤ γ iff for every r > 0 there exist r-disjoint uniformly bounded families U 0 , ..., U n(γ) of subsets of X such that coasdim(X \ (
• coasdim(X) = γ iff coasdim(X) ≤ γ and for every β < γ, coasdim(X) ≤ β is not true.
• coasdim(X) = ∞ iff for every ordinal number γ, coasdim(X) ≤ γ is not true.
Remark 3.2.
• It is easy to see that for every n ∈ N ∪ {0}, coasdim(X) ≤ n if and only if asdim(X) ≤ n.
• To simplify, we will abuse the notation a little bit. In the following, asdim(X) < ω means that asdim(X) ≤ n for some n ∈ N.
Lemma 3.3. (see [4] , Theorem 3.2) Let X be a metric space, if coasdim(X) ≤ ω + k for some k ∈ N, then trasdim(X) ≤ ω + k. Especially, coasdim(X) = ω implies trasdim(X) = ω.
Proof. By the Lemma 3.3, it suffices to show that coasdim(X ω+1 ) ≤ ω + 1. i.e., for every k > 0 there exist k-disjoint uniformly bounded families U 0 , U 1 of subsets of X ω+1 such that coasdim(X ω+1 \ (U 0 ∪ U 1 )) < ω. Let n ∈ N and n ≥ 6k, let V
It is easy to see that W (n) i are k-disjoint and 3k-bounded for i = 0, 1, 2. Let
is k-disjoint and 3k-bounded. For every x ∈ X n , without loss of generality, we assume that x = (x 1 , ..., x n ) ∈ R × nZ × ... × nZ. Then x is in one of the following cases.
• x i ∈ nZ for i = 2, 3, · · · and x 1 ∈ [ni − k, ni + k] for some i ∈ Z, it is easy to see that x ∈ W (n) 0 .
• x i ∈ nZ for i = 2, 3, · · · and x 1 ∈ V for some V ∈ V (n) 1 , it is easy to see that x ∈ W (n) 1 .
• x i ∈ nZ for i = 2, 3, · · · and x 1 ∈ V for some V ∈ V (n) 2 , it is easy to see that x ∈ W Since d(X i , X j ) ≥ n when i, j > n and i = j, then U 0 , U 1 are k-disjoint , 3k-bounded and U 0 ∪ U 1 covers n≥6k X n . It follows that coasdim(X ω+1 \ (U 0 ∪ U 1 )) = asdim(X ω+1 \ n≥6k X n ) = asdim( 6k−1 n=1 X n ) < ω, which implies coasdim(X ω+1 ) ≤ ω + 1.
Remark 3.3.
• By the Proposition 3.2 and the Proposition 3.3, we can obtain that trasdim(X ω+1 ) = ω + 1.
• By the Proposition 3.2 and the Lemma 3.3, we can obtain that coasdim(X ω+1 ) ≤ ω is not true. Moreover, we obtain that coasdim(X ω+1 ) = ω + 1 by the Proposition 3.3.
